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ABSTRACT
Anisotropic stress perturbations induced by primordial Gaussian vector fields cre-
ate non-Gaussianity in curvature perturbations. We found that such non-Gaussianity
closely resembles the local-type non-Gaussianity parametrized by fNL, and generates
scale-dependent bias in large-scale structures. We also found a simple relationship be-
tween the scale-dependent bias and the power spectrum of the vector fields. When the
vector fields are interpreted as primordial magnetic fields, the effective fNL is shown
to be always negative. The scale-dependent bias provides a new approach to probing
primordial vector fields.
Key words: galaxies: haloes – galaxies: magnetic fields – cosmology: theory – cos-
mology: early Universe – cosmology: inflation – cosmology: large-scale structure
1 INTRODUCTION
Cosmological models with vector fields have often been
considered in order to explain the origin of large-scale
cosmic magnetic fields and the statistical anisotropy of the
Universe (e.g. Widrow (2002); Bamba & Sasaki (2007);
Martin & Yokoyama (2008); Watanabe et al. (2010)),
although a successful model of inflationary magnetogenesis
has yet to be derived, as shown by Bamba & Yokoyama
(2004); Kanno et al. (2009); Demozzi et al. (2009);
Demozzi & Ringeval (2012); Suyama & Yokoyama (2012);
Fujita & Mukohyama (2012). Recently, beyond the frame-
work of cosmological magnetogenesis, global analyses of
such cosmological vector fields involving higher-order cos-
mological perturbations have attracted attention, as they
provide interesting imprints (e.g. Ackerman et al. (2007);
Watanabe et al. (2011); Sorbo (2011); Barnaby et al.
(2012)).
The non-Gaussianity of primordial fluctuations has
recently been considered as a powerful observable with
which to extract reliable results from the huge number
of models of the early Universe (for a review, see for
example Bartolo et al. (2004); Komatsu (2010)). One can
see beneficial bounds from the higher-order correlations
of cosmic microwave background (CMB) fluctuations on
not only the amplitude but also the spectral tilt of the
non-Gaussianity, which depend on theoretical parameters
associated with scalar perturbations (e.g. Sefusatti et al.
(2009); Komatsu et al. (2011); Smidt et al. (2010);
⋆ E-mail: mare@nagoya-u.jp
Hikage & Matsubara (2012); Becker & Huterer (2012);
Becker et al. (2012)). Many studies have also evaluated the
non-Gaussian impacts of not only pure scalar perturbations
but also vector perturbations driven by vector fields (e.g.,
Brown & Crittenden (2005); Yokoyama & Soda (2008);
Karciauskas et al. (2009); Valenzuela-Toledo & Rodriguez
(2010); Dimastrogiovanni et al. (2010); Barnaby & Peloso
(2011); Barnaby et al. (2011, 2012); Caldwell et al.
(2011); Motta & Caldwell (2012); Jain & Sloth (2012);
Bartolo et al. (2013)). Such vector perturbations generate
non-trivial non-Gaussianities and they have been inves-
tigated using the CMB power spectrum and bispectrum
(Shiraishi et al. (2012); Shiraishi (2012); Shiraishi et al.
(2012)).
Together with the CMB spectra, the scale dependence
of the halo/galaxy bias has been investigated as a good es-
timator of the primordial non-Gaussianity of curvature per-
turbations (see e.g. Slosar et al. (2008); Verde (2010)). Re-
cently, much effort has been put into directly exploring the
scale dependence of the primordial bispectrum via the bias
parameter. While the bias parameter generated from the ex-
act local-type non-Gaussianity has a k−2 dependence, there
are models that predict the deviation from this dependence
(e.g. Shandera et al. (2011)). The shape of the bispectrum
of curvature perturbations arising from the vector fields di-
rectly reflects the tilt of the power spectrum of the vector
fields, which depends strongly on the generation mechanism
of the vector fields. In this sense, the scale dependence of
the bias parameter is expected to afford a useful clue to the
nature of the primeval vector fields.
This paper focuses on the impacts of the non-
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Gaussianity induced by the vector fields on the scale-
dependent bias. To estimate this, we assume the existence
of the Gaussian vector fields in the early Universe. Accord-
ingly, the anisotropic stress perturbations arising from the
square of these Gaussian fields obey chi-square statistics and
create non-Gaussian curvature perturbations. In this paper,
we adopt such vector-induced curvature perturbations as a
source of the scale-dependent bias. Through the analysis of
the bispectrum shape, we find that such a non-Gaussianity
closely resembles a local-type configuration and hence we de-
rive a relation between the amplitudes and spectral indices
of the vector fields and the local-type nonlinearity parame-
ter. By applying a general formalism for the scale-dependent
bias induced by the primordial bispectrum, which is based
on the integrated perturbation theory (iPT) (Matsubara
(2011)) and discussed in Matsubara (2012), we compute the
bias parameter from the vector fields and confirm the va-
lidity of the above relation in the scale-dependent bias for
several redshifts. At the same time, we observe tiny devia-
tions from the local-type bias on small scales. Applying the
formulae in the case where the vector fields are interpreted
as magnetic fields, we obtain the interesting result that the
scale-dependent bias has negative values.
This paper is organized as follows. In the next section,
we present a generation mechanism for the non-Gaussian
curvature perturbations induced by the primordial vector
fields. In Section 3, we compute the scale-dependent bias
originating from such a non-Gaussianity for several spectral
indices of the vector fields and redshifts. The final section
contains a summary and discussion.
2 PRIMORDIAL NON-GAUSSIANITY
GENERATED FROM VECTOR FIELDS
In this section, we first discuss the non-Gaussian curva-
ture perturbations, which are generated from the anisotropic
stress perturbations induced by various types of vector fields
in the early Universe. Next, we show that electromagnetic
fields, which may occur in inflation, can produce such non-
Gaussian anisotropic stress perturbations.
2.1 Curvature perturbations induced by
anisotropic stress perturbations
If the anisotropic stress perturbations, which scale like radia-
tions (∝ a−4 with a being the scale factor normalized by the
present epoch), occur deep in the radiation-dominated era,
they act as a source term in the Einstein equation. Then,
curvature perturbations experience logarithmic growth even
on superhorizon scales. However, such anisotropic stress per-
turbations are compensated by neutrino anisotropic stress
perturbations subsequent to neutrino decoupling, and there-
fore the enhancement of curvature perturbations stops. The
resultant comoving curvature perturbations on superhorizon
scales are evaluated as (Kojima et al. (2010); Shaw & Lewis
(2010))
RV (k) ≈ Rγ ln
(
τν
τV
)
3
2
Qji(kˆ)Π
i
V j(k) , (1)
where τν and τV are the conformal time of neutrino decou-
pling and the time of generation of the anisotropic stress
perturbations, Rγ ≈ 0.6 is the ratio of the energy den-
sity between photons and all relativistic particles, Qji(kˆ) ≡
−kˆj kˆi+ 13 δji, and ˆ denotes a unit vector. 1 The anisotropic
stress perturbations normalized by the photon energy den-
sity, ΠiV j , are defined as the traceless part of the energy
momentum tensor:
T iV j(k, τ ) ≡ ργ,0
a4
[
∆V (k)δ
i
j +Π
i
V j(k)
]
, (2)
with ργ,0 and ∆V being the present photon energy density
and the isotropic stress, respectively. The solution (1) cor-
responds to the so-called passive mode in the context of the
magnetized cosmology (Shaw & Lewis (2010)).
Equation (1) indicates that the statistical property of
RV directly reflects that of ΠiV j . ΠiV j consists of the square
of the Gaussian vector fields as ΠiV j(x) = fV V
i(x)Vj(x),
whose Fourier components are
ΠiV j(k) = fV
∫
d3k′
(2pi)3
V i(k′)Vj(k− k′) , (3)
and hence RV obeys the non-Gaussian statistics and fi-
nite higher-order correlation functions can be produced.
Here, the dimensionless coefficient fV behaves like the non-
linearity parameter of the local-type non-Gaussianity, fNL
(Komatsu & Spergel (2001)). In Section 2.3, by considering
the electromagnetic action in the absence of the conformal
invariance, we will see that fV corresponds to the running
coupling of the electromagnetic action.
2.2 Bispectrum of curvature perturbations
If the power spectrum of Vi is given by
〈V i(k)Vj(k′)〉 = (2pi)3PV (k)
2
P ij(kˆ)δ(k+ k
′) , (4)
with PV (k) ≡ 2π2k3 AV ( kk∗ )
nV −1 and P ij(kˆ) ≡ δij − kˆikˆj , the
bispectrum of RV is expressed as〈
3∏
n=1
RV (kn)
〉
=
[
3∏
n=1
Rγ ln
(
τν
τV
)
3
2
Qjnin(kˆn)fV
∫
d3k′nPV (k
′
n)
]
×δ(k1 − k′1 + k′3)δ(k2 − k′2 + k′1)δ(k3 − k′3 + k′2)
×P i1j2(kˆ′1)P
i3
j1
(kˆ′
3
)P i2j3(kˆ
′
2
) . (5)
As can be seen, this involves an additional convolution due
to the six-point function of the Gaussian vector fields. To
obtain the actual bispectrum, we need to overcome this com-
plicated convolution in a skillful manner. For the case that
the power spectrum is nearly scale-invariant as nV ∼ 1,
the contributions of the three poles at k′1, k
′
2, k
′
3 ∼ 0 in the
integrand dominate over those in equation (5). By picking
up only these pole contributions in the same manner as in
1 In the comoving gauge, R is related to the scalar metric per-
turbation as gij = a
2e2Rδij .
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Shiraishi et al. (2012), we have∫
d3k′PV (k
′)P ij(kˆ′)
→ βnV
∫ k∗
0
k′2dk′PV (k
′)
∫
d2kˆ′P ij(kˆ′)
= 2pi2AV
βnV
nV − 1
8pi
3
δij (nV > 1) , (6)
and, dealing with contractions, we obtain the reduced for-
mula for nV ∼ 1(> 1) as〈
3∏
n=1
RV (kn)
〉
≡ (2pi)3BRV (k1, k2, k3)δ
(
3∑
n=1
kn
)
, (7)
where
BRV ≈
[
3
2
piFV
]3
βnV
nV − 1k
2(1−nV )
∗
8pi
3
SV (k1, k2, k3), (8)
FV ≡ fV AVRγ ln
(
τν
τV
)
. (9)
Here, we introduce k∗ = 0.002Mpc
−1 and βnV as a normal-
ization scale used in the WMAP analysis (Komatsu et al.
(2011)) and a factor which should be determined by compar-
ison with the exact bispectrum, respectively. From numerical
studies, we obtain some specific values as β1.1 = 0.785 and
β1.01 = 1.036.
2
The shape function of the bispectrum is given by
SV =
[
3∏
n=1
Qjnin(kˆn)
]
×
[
knV −41 k
nV −4
2 δ
i1
j2
P i3j1(kˆ1)P
i2
j3
(kˆ2)
+knV −42 k
nV −4
3 P
i1
j2
(kˆ2)P
i3
j1
(kˆ3)δ
i2
j3
+knV −41 k
nV −4
3 P
i1
j2
(kˆ1)δ
i3
j1
P i2j3(kˆ3)
]
=
1
36
[
knV −41 k
nV −4
2 + 2 permutations
]
− 7
216
[
knV −21 k
nV −6
2 + 5 permutations
]
+
5
216
[
knV −61 k
nV −4
2 k
2
3 + 5 permutations
]
+
1
72
[
k−21 k
nV
2 k
nV −6
3 + 5 permutations
]
− 1
72
[
k−21 k
nV −2
2 k
nV −4
3 + 5 permutations
]
− 1
216
[
knV −61 k
nV −6
2 k
4
3 + 2 permutations
]
. (10)
This overall shape is illustrated in Fig. 1. We can see that
the bispectrum for nV ∼ 1 is enhanced in the squeezed
limit (k3 ≪ k1 ≈ k2) and close to the local-type configura-
tion. This may be due to the fact that the anisotropic stress
perturbations ΠiV j are localized in real space like the local-
type non-Gaussianity. The simplest description of curvature
perturbations that gives exact local-type non-Gaussianity is
2 The relation between β1.1 and α(= 0.335) of Shiraishi et al.
(2012) is given by
β1.1 =
(
10Mpc−1
k∗
)0.1
α .
conventionally written as Rloc(x) = Rg(x) + 35fNL[R2g(x)−〈R2g(x)〉], with fNL and Rg denoting the local-type non-
linearity parameter and the Gaussian perturbation, respec-
tively (e.g., Komatsu & Spergel (2001)). Then, the local-
type bispectrum is given by〈
3∏
n=1
Rloc(kn)
〉
≡ (2pi)3BRloc(k1, k2, k3)δ
(
3∑
n=1
kn
)
, (11)
with
BRloc =
6
5
fNL
[
PRg (k1)PRg(k2) + 2 permutations
]
=
3
5
fNL(2pi
2Aloc)
2k2(1−nloc)∗ Sloc(k1, k2, k3) , (12)
Sloc ≡ 2knloc−41 knloc−42 + 2 permutations . (13)
Here, PRg (k) ≡ 2π
2
k3
Aloc(
k
k∗
)nloc−1 is the power spectrum of
Rg, nloc is the spectral index, and Aloc = 2.43 × 10−9 is a
normalization factor obtained from the observational data
of the scalar power spectrum (Komatsu et al. (2011)). To
quantify the resemblance between the shape functions S and
S′, the correlation coefficient is calculated, which is defined
by r(S, S′) ≡ S·S′√
(S·S)(S′·S′)
with (Babich et al. (2004))
S · S′ =
∫ 1
0
dx2
∫ 1
1−x2
dx3(x2x3)
4S(1, x2, x3)S
′(1, x2, x3) .
(14)
Here, r reaches unity if S closely resembles S′. Substitut-
ing equations (10) and (13) into this equation, we obtain
r(SV , Sloc) = 0.96 for nV = nloc ∼ 1, which indicates the
shape similarity between SV and Sloc.
3 Actually, we can see
that in the squeezed limit (k ≪ k′), these shape functions
have the same k dependence as
SV (k, k
′, k′) ≈ 2
27
knV −4k′nV −4 , (15)
Sloc(k, k
′, k′) ≈ 4knloc−4k′nloc−4 . (16)
By using an approximate proportional relation, SV ≈
SV ·Sloc
Sloc·Sloc
Sloc = 0.0238Sloc, we can derive an approximate
relation as
F 3V =
4
15
nV − 1
βnV
Sloc
SV
fNLA
2
loc
≈ fNL ×
{
8.43 × 10−18 (nV = 1.1)
6.39 × 10−19 (nV = 1.01)
. (17)
In the next section, we will determine whether or not this
relation is valid even in the scale-dependent bias.
2.3 Interpretation as electromagnetic fields
Such non-Gaussian anisotropic stress perturbations can be
created in the framework of inflationary models involv-
ing a conformally variant coupling between the scalar field
φ and the vector field Aµ, whose action is expressed as
S ⊃ − ∫ d4x 1
4
√−ggµλgνσW (φ)FµνFλσ (e.g., Caldwell et al.
(2011); Motta & Caldwell (2012); Barnaby et al. (2012)).
Here, Fµν ≡ ∂µAν − ∂νAµ, and W (φ) denotes the running
3 On the other hand, SV is nothing like the shape functions of
other types of non-Gaussianity such as equilateral and orthogonal
ones, because r(SV , Seq) = 0.03 and r(SV , Sorth) = −0.05.
c© 2012 RAS, MNRAS 000, 1–??
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Figure 1. The shape of k21k
2
2k
2
3SV (nV = 1). Owing to the sym-
metric properties and triangle inequality, the plot range is re-
stricted as k3 6 k2 6 k1 and |k1 − k2| 6 k3 6 k1 + k2. It
is shown that the bispectrum diverges in the squeezed limit as
k3 ≪ k1 ≈ k2.
coupling, which induces violation of the conformal invari-
ance. Then, with the natural assumption that the inflaton
falls into a stable state, W (φ) freezes out at the end of
inflation as W (φ) → WI, and the conformal invariance is
restored, we may have residual anisotropic stress pertur-
bations generated from the electromagnetic fields (E and
B) at later times. According to Shiraishi et al. (2012), if we
take fV = −WI, Vi in equation (3) can be then equated to
Ei/
√
4piργ,0 or Bi/
√
4piργ,0.
From here, let us focus on the case that electric fields
disappear owing to the Coulomb screening in the primordial
plasma, and only magnetic fields survive at late times with
WI = 1. This setting has often been considered in the con-
text of cosmological magnetogenesis, but there remain out-
standing issues such as the so-called strong coupling or back-
reaction problem (e.g. Demozzi et al. (2009); Barnaby et al.
(2012); Fujita & Mukohyama (2012)). In such a case, a con-
ventional parametrization of the magnetic fields is given as
(Shaw & Lewis (2010); Shiraishi et al. (2012))
〈Bi(k)Bj(k′)〉 = (2pi)3PB(k)
2
P ij(kˆ)δ(k+ k
′) , (18)
PB(k) ≡ ABknB , (19)
AB =
(2pi)nB+5B2r
Γ
(
nB+3
2
)
knB+3r
(nB > −3) , (20)
where Br denotes the magnetic field strength smoothed on
the scale r, kr ≡ 2pi/r, nB is the spectral index of the
magnetic power spectrum, and Γ(x) is the Gamma func-
tion. Diverse analyses of cosmological phenomena such as
the CMB anisotropy and the large-scale structure suggest
constraints on these parameters as B1Mpc < O(0.1 − 1)nG
and nB ∼ −3 (e.g., Shaw & Lewis (2012); Paoletti & Finelli
(2011); Shiraishi et al. (2012); Yamazaki et al. (2012);
Pandey & Sethi (2013); Paoletti & Finelli (2012)). Accord-
ingly, we hold the correspondence
AV =
ABk
nV −1
∗
8pi3ργ,0
, (21)
nV = nB + 4 . (22)
Interestingly, for the magnetic case, because fV = −1 and
B1Mpc > 0, the resultant bispectrum of curvature perturba-
tions can mimic the local-type bispectrum only for fNL 6 0.
Thus, an approximate relation for the vector fields (17) is
translated into(
B1Mpc
1nG
)(
ln(τν/τB)
ln 1017
)1/2
≈ (−fNL)1/6 ×
{
2.92 (nB = −2.9)
4.60 (nB = −2.99)
. (23)
This analytic evaluation implies that the bispectrum from
the magnetic fields and the local-type bispectrum with neg-
ative fNL have similar impacts also on the scale-dependent
bias parameters, as shown in the following section.
3 SCALE-DEPENDENT BIAS ORIGINATING
FROM VECTOR FIELDS
Recently, Matsubara (2012), by applying iPT (Matsubara
(2011)), constructed a more general formalism for the scale-
dependent bias. In this section we employ this formalism
to estimate the bias parameter from vector-induced non-
Gaussian curvature perturbations given by RV .
3.1 Formulation
The bias parameters are often defined in the relation be-
tween the power spectrum of biased objects X, PX, and the
linear matter power spectrum, PL:
PX(k) ≡ [b+∆b(k,M)]2 PL(k) , (24)
where b denotes the scale-independent Eulerian linear bias
parameter and ∆b is the scale-dependent bias parameter
arising from the primordial non-Gaussianity. In the liter-
ature, there is another notation for the bias parameters,
which links the cross-correlation between the linearized mat-
ter density field and objects X, PLX, to PL as
PLX(k) ≡ [b+∆b(k,M)]PL(k) . (25)
These two ∆bs are identical under the situation that the non-
Gaussianity is so weak that the contribution of the trispec-
trum is negligible (Matsubara (2012)). In other words, con-
sidering a highly non-Gaussian source, ∆b in equation (24)
is affected by the higher-order correlations and may differ
from ∆b in equation (25) on large scales (Yokoyama (2011);
Yokoyama & Matsubara (2013)). Here, we shall blink this
fact tentatively and formulate the scale-dependent bias aris-
ing from the bispectrum of curvature perturbations.
According to Matsubara (2012), the scale-dependent
bias parameter is expressed as
∆b(k,M) ≈ σ
2
M
2δ2c
[
A2(M)I(k,M) + A1(M)∂I(k,M)
∂ ln σM
]
, (26)
where δc = 1.686 is the critical overdensity, and
I(k,M) = 1
σ2MPL(k)
∫
d3k′
(2pi)3
W (k′R)W (|k− k′|R)
×BL(k, k′, |k− k′|) . (27)
The coefficients A1 and A2 are expanded by the Lagrangian
c© 2012 RAS, MNRAS 000, 1–??
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bias parameters bL1 and b
L
2 as
A1(M) = 1 + δcb
L
1 (M) , (28)
A2(M) = 2 + 2δcb
L
1 (M) + δ
2
c b
L
2 (M) . (29)
Following the notation of the halo model, we have intro-
duced the Lagrangian radius R satisfyingM = 4π
3
Ωm0ρc0R
3
, which is equivalent to
R
Mpc
=
[
M
1.162 × 1012h2M⊙Ωm0
]1/3
. (30)
Here, ρc0 and Ωm0 are the present values of the criti-
cal density and the matter density parameter, respectively,
h ≡ H0/(100km/sec/Mpc) with H0 being the Hubble con-
stant, and M⊙ = 1.989 × 1030kg is the mass of the sun.
Then, the density variance is defined by
σ2M =
∫
k2dk
2pi2
W 2(kR)PL(k) , (31)
where we choose a top-hat window function as
W (x) =
3j1(x)
x
, (32)
with jℓ(x) being the spherical Bessel function.
The Lagrangian bias parameters, bL1 and b
L
2 , depend on
the shape of the mass function. In our numerical calculation,
we adopt the fitting formulae derived from the “MICE mass
function”, which has been estimated from the data of MICE
simulations (Crocce et al. (2010)), as
bL1 (M) =
1
δc
(
2c3
σ2M
− c1
1 + c2σ
c1
M
)
, (33)
bL2 (M) =
1
δ2c
[
4c23
σ4M
− 2c3
σ2M
− c1(4c3/σ
2
M − c1 + 1)
1 + c2σ
c1
M
]
, (34)
with c1 = 1.37a
0.15 , c2 = 0.3a
0.084 and c3 = 1.036a
0.024 .
The linear matter power spectrum, PL, and the bispec-
trum sourced from the primordial non-Gaussianity, BL, are
expressed as
PL(k) = M2R(k)PR(k) , (35)
BL(k1, k2, k3) =
[
3∏
n=1
MR(kn)
]
BR(k1, k2, k3) , (36)
where MR denotes the conversion function involving the
information of the linear evolution of the matter contrast
and is parametrized as
MR(k) = 2
5
D(a)
k2T (k)
H20Ωm0
. (37)
The matter transfer function T (k) and the growth factor
D(a) are realized by such fitting functions as (Lahav et al.
(1991); Weinberg (2008))
T (k) =
ln[1 + (0.124κ)2 ]
(0.124κ)2
×
√
1 + (1.257κ)2 + (0.4452κ)4 + (0.2197κ)6
1 + (1.606κ)2 + (0.8568κ)4 + (0.3927κ)6
,(38)
with
κ =
k
√
Ωr0
H0Ωm0
[
α+
1− α
1 + (0.43ks)4
]−1
, (39)
α = 1− 0.328 ln(431Ωm0h2) Ωb0
Ωm0
+0.38 ln(22.3Ωm0h
2)
(
Ωb0
Ωm0
)2
, (40)
s =
44.5 ln[9.83/(Ωm0h
2)]√
1 + 10(Ωb0h2)3/4
Mpc , (41)
and
D(a) =
5
2
aΩm
×
[
Ω4/7m − ΩΛ +
(
1 +
Ωm
2
)(
1 +
ΩΛ
70
)]−1
.(42)
Here, ΩΛ0,Ωb0 and Ωr0 are the present density parameters
of the cosmological constant, baryons and radiation, respec-
tively, Ωm(a) ≡ Ωm0Ωm0+a3ΩΛ0 , and ΩΛ(a) ≡
a3ΩΛ0
Ωm0+a3ΩΛ0
. In
the matter dominated era, D(a) converges to a.
To obtain the scale-dependent bias from the primor-
dial vector fields or the local-type non-Gaussianity, we only
input several power spectra and bispectra described in the
previous section to equation (26).
3.2 Analysis
Let us focus on the numerical analysis of the scale-dependent
bias from the vector fields, ∆bV . For comparison, we also
calculate the scale-dependent bias from the local-type bis-
pectrum, ∆bloc. In what follows, the value of the power spec-
trum of curvature perturbations is derived from observations
by the WMAP experiment, namely (Komatsu et al. (2011))
PR(k) ≡ 2pi
2
k3
AR
(
k
k∗
)nR−1
, (43)
with AR = Aloc = 2.43 × 10−9 and nR = 0.963. In our
case, the vector fields create not only the bispectrum but
also the power spectrum of curvature perturbations, namely
PRV , as calculated in Appendix A. In this sense, PRV be-
comes part of PR along with the power spectra from other
sources such as the cross-bispectra between metric pertur-
bations and the electromagnetic fields (e.g. Shiraishi et al.
(2012); Kunze (2013)). Because of the lack of an explicit de-
pendence of PR on FV , ∆b
V is simply proportional to F 3V .
In Fig. 2, we plot the ratios of ∆bV and ∆bloc to ∆bfid ≡
∆bloc(fNL = 40, nloc = nR) for the parameters satisfying
the approximate relation (17) when fNL = 40 and nV =
nloc = 1.1, 1.01. From this figure, it can be seen that the red
solid (blue dotted) line is in agreement with the red circles
(blue crosses) on large scales. This fact indicates that the
approximate relation (17) is true even in the scale-dependent
bias. On the other hand, the deviation on small scales may
arise from the tiny difference of k dependence between the
primordial bispectra (10) and (13). This may become a key
signal for extracting information on the vector fields from
the contamination of other local-type non-Gaussian sources.
From the red solid and blue dotted curves of this figure,
it can be seen that a difference of tilt between ∆bV (nV =
1.1) and ∆bV (nV = 1.01) is evident. This different k de-
pendence can be analytically estimated as follows. From the
c© 2012 RAS, MNRAS 000, 1–??
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Figure 2. Scale-dependent bias parameters normalized by ∆bloc
for (fNL, nloc) = (40, 0.963) (corresponding to ∆b
fid) at redshift
z ≡ a−1 − 1 = 1. Red solid and blue dotted lines correspond to
∆bV /∆bfid, and red circles and blue crosses denote ∆bloc/∆bfid
with fNL = 40 when nV = nloc = 1.1, 1.01, respectively. The
parameters of these amplitudes are taken to satisfy the approxi-
mate relation (17) as seen in the graph legends. The other related
parameters are fixed as Ωm0 = 0.275, ΩΛ0 = 1 − Ωm0, h = 0.7
and M/M⊙ = 1014. Magenta fine dotted and cyan chain lines
with k dependence as in the graph legends are plotted to check
of the scaling relations (47).
k-dependent part in equation (26), we have
∆b(k) ∝ 1
PL(k)
∫
d3k′
(2pi)3
W (k′R)W (|k− k′|R)
×BL(k, k′, |k− k′|) . (44)
In the large-scale limit, the integrand of this equation re-
duces to the form under the squeezed limit (k ≪ k′); that
is,
W (|k− k′|R) ≈ W (k′R) , (45)
BL(k, k
′, |k− k′|) ≈ MR(k)M2R(k′)BR(k, k′, k′) . (46)
Using the squeezed-limit forms of the shape functions (15)
and (16), the large-scale approximation of the matter trans-
fer function as T (k) ≈ 1, namely, MR(k) ∝ k2, and
PR(k) ∝ knR−4, we obtain the scaling relation of each bias
on large scales as
∆bV (k) ∝ knV −nR−2
∆bloc(k) ∝ knloc−nR−2 ,
∆bfid(k) ∝ k−2 .
(47)
The k dependence derived from these equations, ∆b/∆bfid ∝
k0.137 for nV = nloc = 1.1 and k
0.047 for nV = nloc = 1.01,
fits well to the curves and points of Fig. 2 on large scales.
Figure 3 shows the redshift dependence of ∆bV and
∆bfid. We can see that as z evolves, the overall amplitudes of
∆bV and ∆bfid simply decrease while their shapes are main-
tained. Such multi-z information will become more valu-
able when we analyse the tomographic data from BOSS
and forthcoming EUCLID experiments (Ross et al. (2012);
Laureijs et al. (2011)).
In the remainder of the paper, we examine how
the magnetic fields affect the scale-dependent bias. As
shown in Section. 2.3, the bispectrum of curvature per-
 0.01
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z = 1
z = 0.5
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z = 0.5
Figure 3. Scale-dependent bias parameters for z = 2, 1, 0.5. The
three lines correspond to ∆bV with (FV , nV ) = (6.96×10
−6 , 1.1),
and the three types of symbols correspond to ∆bfid, for the three
values of z, respectively (see the graph legends). The related pa-
rameters are identical to the values represented in Fig. 2.
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Figure 4. Scale-dependent bias parameter from the primor-
dial magnetic fields for z = 2, 1, 0.5 (the vertical axis describes
−∆bB). Here, the parameters of the magnetic fields are taken
to be consistent with observations as (B1Mpc, τν/τB , nB) =
(3nG, 1017,−2.9). The other parameters are identical to the val-
ues represented in Fig. 2.
turbations induced by magnetic anisotropic stress per-
turbations corresponds to the bispectrum only for neg-
ative fNL. This dependence appears also in the scale-
dependent bias. Fig. 4 describes the scale-dependent bias
from the magnetic fields, ∆bB, for each redshift. The
magnetic parameters are chosen as (B1Mpc, τν/τB , nB) =
(3nG, 1017,−2.9), consistent with the current observa-
tional bounds (e.g., Shaw & Lewis (2012); Paoletti & Finelli
(2011); Shiraishi et al. (2012); Yamazaki et al. (2012);
Paoletti & Finelli (2012); Pandey & Sethi (2013)). In this
case, ∆bB is equivalent to ∆bV for (FV , nV ) = (−2.15 ×
10−6, 1.1). Translating these magnetic fields into the local-
type non-Gaussianity for nloc = 1.1 using equation (23),
we have fNL = −1.2. From this figure, it can be confirmed
that ∆bB has negative values at all k. This negative im-
pact with the deviation from the fiducial k dependence as
∆bfid ∝ k−2 can change more or less the entire shape of the
c© 2012 RAS, MNRAS 000, 1–??
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scale-dependent bias parameter and become a key feature for
probing the primordial magnetic fields. If the vector fields
are the primordial magnetic fields, one may be concerned
about additional influences from small-scale non-Gaussian
matter fluctuations driven by the Lorentz force, which is
the so-called magnetic-compensated mode (Shaw & Lewis
(2010)). The scale-dependent bias becomes significant when
some amount of fluctuations on large scales are correlated
with small scale ones through the bispectrum in the squeezed
limit. Fluctuations from the magnetic-compensated mode,
however, are suppressed on large scales and therefore we do
not expect the fluctuations to affect the clustering of haloes
on large scales.
3.3 On higher-order effects
In the above evaluation, we took into account only the ef-
fects of the bispectrum of curvature perturbations. Con-
cern remains, however, about the contribution of the higher-
order correlation because curvature perturbations driven
by the vector fields (1) are Gaussian-squared fields, that
is, highly non-Gaussian fields. In Yokoyama (2011), the
halo-halo bias was computed when curvature perturba-
tions originated in the Gaussian-squared scalar fields. For
this case, we have a consistency relation between the non-
linearity parameters associated with the bispectrum and
trispectrum of curvature perturbations as τNL ∼ 500f4/3NL .
If the angular dependence due to the vector fields is
negligible, this relation may be applicable to our case.
Then, considerable trispectrum contribution may modify
the halo-halo bias from the vector fields on large scales,
as pointed out in Yokoyama (2011); Baumann et al. (2012);
Yokoyama & Matsubara (2013). However, this effect is sen-
sitive to the coefficient of f
4/3
NL in the above relation, and
hence detailed calculations with the complicated angular de-
pendence are required for precise discussion. It is an issue
for future work.
4 SUMMARY AND DISCUSSION
In this paper we have investigated the scale-dependent
bias that arises from the non-Gaussianity of curvature per-
turbations induced by Gaussian vector fields. This non-
Gaussianity induces the local-type bispectrum of curvature
perturbations. We found an approximate relation between
the strength of the anisotropic stress perturbations from
the vector fields FV and the local-type nonlinearity param-
eter fNL, as shown in equation (17). Through numerical cal-
culations, we demonstrated that, as this relation predicts,
the scale-dependent bias from the vector field is in agree-
ment with that from the local-type non-Gaussianity on large
scales, while we observed deviation from the local-type bias
on small scales. This feature may be useful for seeking ev-
idence of the primordial vector fields from observations of
the scale-dependent bias. Furthermore, the k dependence of
the scale-dependent bias directly reflects the spectral tilt of
the power spectrum of the vector fields as shown in equa-
tion (47). Thus, through the k dependence, we will also be
able to approach the shape of the primordial vector field.
By interpreting the primordial vector fields as the primor-
dial magnetic fields, we determined that the scale-dependent
bias has negative values. This is an interesting consequence
and helpful for constraining the primordial magnetic fields.
Comparing the theoretical results involving the contribution
of the higher-order correlations with the observational data
leads to a greater understanding of the nature of the vector
fields.
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APPENDIX A: POWER SPECTRUM OF
CURVATURE PERTURBATIONS INDUCED
FROM VECTOR FIELDS
Here we present the analytic formula for the power spectrum
of curvature perturbations arising from the anisotropic stress
perturbations composed of the square of Gaussian vector
fields. Notations in this section are based on Shaw & Lewis
(2010). From the equations in Section 2, the power spectrum
is formed as〈
2∏
n=1
RV (kn)
〉
= (2pi)3PRV (k1)δ
(
2∑
n=1
kn
)
, (A1)
PRV (k) =
2pi2
k3
F 2V
pinV
4
(
k
k∗
)2(nV −1)
. (A2)
A factor pinV arises from the convolution in terms of PV (k)
as
pinV =
k−2nV +5
2pi
∫
d3k′k′nV −4|k− k′|nV −4
×
[
1− 3
4
(β2 + γ2) +
9
4
β2γ2 − 3
2
µγβ +
1
4
µ2
]
=
∫ ∞
0
duunV −2
∫ 1
−1
dγ(1− 2uγ + u2)(nV −4)/2
×
[
1− 3
4
(β2 + γ2) +
9
4
β2γ2 − 3
2
µγβ +
1
4
µ2
]
,
(A3)
where the parameters correspond to
u =
k′
k
, (A4)
γ = kˆ · kˆ′ , (A5)
µ = kˆ′ · ̂k− k′ = γ − u√
1 + u2 − 2uγ
, (A6)
β = kˆ · ̂k− k′ = 1− uγ√
1 + u2 − 2uγ
, (A7)
|k− k′|2 = k2 (1 + u2 − 2uγ) . (A8)
While the integral over γ can be analytically evaluated, we
have to rely on numerical calculation in the integral over u.
In Fig. A1, we show pinV for 1 < nV < 2. It can be seen that
as nV decreases, the contribution around the pole dominates
and pinV is boosted.
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Figure A1. Dependence of pinV on nV .
c© 2012 RAS, MNRAS 000, 1–??
